Abstract: We present a set of constraints on superfield strengths of the non-Abelian pform potentials in D=6 (1,0) superspace which reproduces, as their selfconsistency conditions, the equations of motion of the recently proposed (1,0) superconformal theory. These include the anti-self-duality conditions for the field strength of the non-Abelian 2-form potential, duality between field strengths of the non-Abelian vectors and 3-forms as well as of the non-Abelian four forms and scalar fields.
Introduction
Recently, motivated by the search for a description of multiple M5-brane system [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16] , the authors of [17, 18, 19] have constructed a class of new (1,0) superconformal models describing a hierarchy of non-Abelian scalar, vector and tensor fields and their supersymmetric partners. The action for the bosonic sectors of these theories have been constructed in a very recent [20] using the PST (Pasti-Sorokin-Tonin ) approach [21] .
In this paper we propose the set of constraints on the super-(p+1)-form field strengths of non-Abelian super-p-form potentials on (1,0) D=6 superspace which restrict the field content of these super-p-forms to the fields of the non-Abelian tensorial hierarchy of [17] .
We show that these constraints reproduce the dynamical equations of the (1,0) superconformal model as their selfconsistency conditions. The set of these equations includes supersymmetrizations of the anti-self-duality condition for the 3-form field strength of nonAbelian 2-form (antisymmetric tensor) potential, as well as non-Abelian vectors-3-forms and scalars-4-forms duality relations.
Although the same equations were obtained in [17] from closure of the algebra of supersymmetry transformations on the spacetime fields, the superfield formulation of tensorial hierarchy may be useful as it clarifies the structure of the theory. In particular, it provides a basis for the search [22] for supersymmetric generalization of the action of [20] and, hopefully, can provide an insight in looking for a (2,0) superconformal theory by superspace methods.
Non-Abelian p-forms in six dimensions
The (1,0) superconformal 6d field theories of [17, 18, 19] describe a hierarchy of non-Abelian scalar, vector and tensor fields (Y ij r , φ I , A r µ , B I µν , C µνρ r , C µνρλ A ) and their supersymmetric partners. The upper indices r, s, t = 1, ..., n V enumerate vector multiplets. Generically, the gauge group is not semi-simple: it may have the structure of direct product and contain Abelian factors. The indices I, J, K = 1, ..., n T enumerate the tensor multiplets. The index A is used to enumerate 4-forms, while the three forms are enumerated by the lower r, s, t indices.
As in [20] we will use the differential form notation in which the bosonic field content can be described by spacetime differential p-forms (0-form corresponds to a scalar) as (Y ij r , φ I , A r 1 , B I 2 , C 3 r , C 4A ). This is especially convenient for the description of tensorial hierarchy in superspace, because the differential form equations which do not involve the Hodge star operator can be manipulated without referring on what is the base manifold (supermanifold).
So let us define the generalized field strengths
1)
2)
of the non-Abelian Yang-Mills, two form and three form potentials A r := A r 1 , B I 2 and C 3r by stating that they obey the Bianchi identities Here f t rs = f t [rs] , d I st = d I (st) and g r I are constant and covariantly constant tensors. The list of their properties can be found in Appendix A as well as in the original paper [17] . The meaning of f t rs is the structure constant of the gauge algebra, while d I st defines the nonlinear gauge field contribution to the 3-form field strength of the two form potential; g r I , g Ir and k A r are Stückelberg couplings. We restrict ourselves by the case of tensorial hierarchy which allows for existence of an action, this is to say we assume the existence of the (not positively definite, Lorentz-type) metric η IJ = η (IJ) , so that g r I = η IJ g Jr . The knowledge of Bianchi identities (2.4)-(2.6) is completely sufficient for the discussion below; we will not need the complete explicit expressions (2.1)-(2.3) for the field strengths in terms of the non-Abelian p-form potentials (see [17] and [20] where the equations from [17] are written in differential form notations). What we need is rather the explicit form of the covariant derivatives D which are used in (2.4), (2.5), (2.6),
8)
In our notation the exterior derivative acts from the right, so that, e.g.,
. Below we will consider the potential defined on the flat (1,0) D=6 superspace which we are going to describe now.
Tensor hierarchy in superspace
The structure equations of flat 6D N = (1, 0) superspace Σ (6|8) are
Here E a and E αi denote 6 bosonic and 8 fermionic supervielbein 1-forms of Σ (6|8) , ǫ ij = −ǫ ji is normalized by ǫ 12 = 1 = −ǫ 12 and
are SO(1, 5) Klebsh-Gordan coefficients (generalized Pauli matrices) which obey
3)
Notice that
are self-dual and anti-self-dual, respectively, with respect to their antisymmetrized vector indices, and provide the complete basis for the symmetric 4 × 4 matrices with, respectively, two lower case and two upper-case 4-valued spinor indices α, β, ... = 1, ..., 4. The other useful relations can be found in the Appendix B.
The structure equations can be easily solved by
where Z M = (x m , θ αi ) are local coordinates of Σ (6|8) and θ β i := ǫ ij θ βj so that dθ i γ a θ i = dθ αi θ βj ǫ ij γ a αβ .
Constraints for the superspace field strengths
When our field strengths, and corresponding non-Abelian p-form potentials, are differential forms on superspace Σ (6|8) , they can be decomposed on the basis of wedge products of the supervielbein forms (3.5),
To restrict the huge field content of the generic super-p-form potentials to the fields of the (1,0) superconformal theory of [17] , we impose the following set of constraints
8) and H abcd r = H [abcd] r are bosonic scalar and antisymmetric tensor superfields which at this stage can be considered unrestricted. The leading components of these superfields will give rise to the physical fermionic fields of vector and tensor multiplets (χ α r (x) = W α r i | θ=0 and ψ I α i (x) = Ψ I α i | θ=0 ), to the scalar field of the tensor multiplet (φ I (x) ∝ Φ I | θ=0 ), and to the field strengths of the vector gauge fields and of the higher form potentials of the tensorial hierarchy.
Actually, the above expressions for the superform field strengths collect the independent constraints together with some of their consequences. In particular, the true constraints on the supersymmetric Yang-Mills (SYM) field strength are F r αi βj = 0, which imply
Then the expression for the field strength 2-form reflecting this constraint is
as it is read from (3.7), follows as the solution of the selfconsistency conditions given by Bianchi identities.
As another example, the true constraints in Eq. (3.9) are H αi βj CD r = 0, while the expression for H αi bcd r , presented in the first term of Eq. (3.9), is obtained by studying their selfconsistency conditions given by the Bianchi identities 1 .
6
by studying the Bianchi identities.
Equations of motion from consistency of the superspace constraints
Studying the Bianchi identities (2.4) with the constraints (3.7) and (3.8) we find the structure of covariant derivatives of fermionic superfield of the SYM sector,
as well as the relations 
14) (3.12) shows that all the higher components of F r ab are present in fermionic superfields entering (3.7) and (3.8). Furthermore, using (3.12) in calculating the right hand sides (r.h.s.) of
we find, after some algebraic manipulations,
This set of equations indicates that Eq. (3.7) itself describes the off-shell constraints of the 6d (1,0) SYM model. Indeed, Eq. (3.18) implies that the l.h.s. of the Dirac equation for gaugino appears as a second component of the auxiliary superfield Υ r ij , the leading component of which is the auxiliary field of the SYM supermultiplet.
Taking a look from the other side, Eqs. (3.18) and (3.19) can be collected in the following expression for the fermionic covariant derivative of the auxiliary superfield Υ r ij 21) which shows that higher components of the auxiliary superfield are expressed through the leading components of already introduced basic superfields, i.e. through the fields of (1,0) superconformal theory of [17] . Passing to Binachi indentities (2.5), from its lowest dimensional (dim 5/2) nontrivial component we find 0 = γ a βγ ǫ jk (η ab D αi Φ I +2iγ ab α β Ψ I βi )+cyclic permutation of (αi, βj, γk). Its general solution is
The dim 3 component of the Bianchi identity (2.5) gives the following set of equations for the fermionic derivative of the fermionic superfield Ψ I αi :
Actually Eq. (3.25) gives more than that. According to (3.4) the r.h.s. of this equation is anti-self dual while the second term in the r.h.s. is self-dual so that (3.4) can be decomposed onto 1 8γ
and
Eq. (3.27) is a generalization of the anti-self-duality conditions which includes fermionic contributions. Thus studying the Binachi identities we have obtained a dynamical equations from the superspace constraints (3.8), (3.9) . Hence, in distinction to (3.7) these latter are on-shell constraints. Contracting Eq. (3.23) withγ c 1 c 2 c 3 αβ , after some algebra we find from its irreducible partsγ
These equations imply
Furthermore, Eqs. (3.24) and (3.26) can be written in the form of
abc so that
Eqs. (3.30) and (3.29) together imply
where in the first term the superscript − can be actually omitted as far as only the anti-self dual part of the 3-rank field strength contributes to γ abc αβ H I abc . The dim 7/2 component of (2.5) determines the fermionic derivative of the 3-rank antisymmetric tensor superfield,
Finally, the dim 4 component of (2.5) reads
and implies that H I abc is a generalized field strength. Now let us observe that (3.31) implies
To simplify the terms in the last line we have used the commutation relation 
j . Substituting the expressions (3.32) and (3.11) for the fermionic derivatives of superfields in the r.h.s. of (3.34), after some algebra we obtain an equation one of the irreducible parts of which (∝ ǫ ij ǫ αβγδ ) provides us with superfield generalization of Dirac equations for the fermions of tensorial multiplet,
The other irreducible parts of the above mentioned equation (symmetric in (αβ) and (ij)) are satisfied identically due to γ cγdef γ ab γ c = −4γ [aγ def γ b] , which one can easily prove using the gamma matrix algebra. Now let us turn to the Bianchi identities (2.6). To this end we need the constraints for the 5-form H 5A which we assume to be
Then dim 7/2 and lower components of (2.6) are satisfied identically, 2 while its dim 4 component, after some algebra, can be presented in the form
Clearly, the first and the second line of Eq. (3.38) belong to different irreducible representations of SO(1, 5) and thus vanish separately. Hence we have found the duality equation deformed by fermionic contribution,
and the superfield generalization of the equations for auxiliary scalar field of the SYM multiplet, also involving the fermionic superfields,
The next-to leading component of this auxiliary superfield equation gives the fermionic equation of motion. Indeed, after some algebra one finds that the symmetric in (ijk) part of the equation D αk E ij r = 0 is satisfied identically due to the first equation in (A.1), while the remaining irreducible part, ǫ jk D αk E ij r = 0, reads
The same equation can be obtained from (3.18) by multiplying it by Φ I d Irs and using Eqs. (3.40), (3.11) and (3.31) as well as the first equation in (A.1). Dim 9/2 component of (2.6) gives the expression for the fermionic derivative of the 4th rank antisymmetric tensor superfield, 
where . . . denote the possible term which vanish when contracted with k A r . The consistency condition for the Bianchi identity (3.44), 'identity for indentity' 3
implies that
With our constraints the first nontrivial component equation in (3.44) has dimension 9/2. It can be solved by
Then the next, dim 4 component of (3.44) produces a supersymmetric generalization of the duality relation between 4 form potential and scalar,
As we have already mentioned, (3.46) should be obeyed modulo terms which vanish when contracted with k A r . So, if we consider constraints (3.37) contracted with k A r , their consequence will contain the duality equation
Notice that another SO(1, 6)×SU (2) irreducible part of the dim 4 component of (3.44) (the one ∝ ǫ ij γ αβ[a (. . .) bcd] ) results in
which is obeyed identically due to the supersymmetrized anti-self duality equation (3.27) .
To obtain the first order bosonic equations (duality and anti-self-duality conditions) derived from the closure of the supersymmetry algebra in [17] (and, in their purely bosonic limit, from the action in [20] ), we have to identify the leading components of the antisymmetric tensor superfield with field strengths, Υ r ij | θ=0 = Y r ij and Φ I | θ=0 = 2φ I , where the only nontrivial coefficient appears.
The second order bosonic equations can be obtained from the (self)duality relations and the purely bosonic higher dimensional components of the Bianchi identities. On the other hand, they can be obtained from the next-to leading components of the superfield fermionic equations. As far as the fermionic equations, in their turn, can be obtained by acting on the duality equations by fermionic covariant derivatives, the coincidence of the second order bosonic equations obtained in this two ways provides an additional check of the consistency of our constraints or, in other words, of the equivalence of the superspace constraints and the spacetime component equations of (1,0) superconformal theory of [17] . Actually it is a superspace counterpart of checking the closure of supersymmetry algebra on the spacetime component equations, which was done in [17] . Below we perform a bit simplified version of this consistency check, following mainly the bosonic superfield contributions to the second order bosonic equations.
Second order bosonic equations and check of consistency of our superspace description of the (1,0) superconformal theory
To begin the final check of consistency of our superspace description, let us discuss how the fermionic equations can be obtained from the duality and anti-self-duality conditions.
Fermionic equations of motion from duality and anti-self-duality conditions
The tensor multiplet fermionic equation provided by the leading component of the superfield equation (3.36), which we denote by E δI i = 0, appears also as the next-to leading component of the generalized anti-self-duality condition (3.27), which we denote by I To resume, we have shown that the fermionic superfield equations (3.41) and (3.36) can be obtained (also) by acting by fermionic covariant derivatives on the duality and anti-self-duality conditions. No additional restrictions on the physical fields, beyond the equations of (1,0) superconformal theories of [17] are produced at this stage. Furthermore, using (3.39) we can present this equation in the form
Second order equation for 3-form (super)field strength
The second order bosonic equations can be also obtained form the next-to leading components of the superfield fermionic equations. The coincidence of the results of these two calculations provides an additional check of the equivalence of our superspace constraints and of the spacetime component formalism of [17] : at this stage some extra restrictions on our fields, beyond the spacetime component equations for the fields of (1,0) superconformal theory, could appear if the constraints were too strong.
Acting by fermionic covariant derivative on the fermionic equations (3.36), which we denote by E δI i = 0, one finds that
where E ij r = 0 is the auxiliary superfield equation (3.40), E I = 0 is the scalar superfield equation
andẼ abI = 0 reads
For simplicity, from now on we will mainly follow the bosonic superfield contributions to the second order bosonic (super)field equations. On the first look, the tensorial equation (3.56),Ẽ abI = 0, differs from (3.53), E abI = 0, as far as the fourth term in the former is absent in the latter. However, a more close look permits to notice also the difference in the sign in front of the third terms, ± 1 4! ǫ abcdef H cdef r g rI , and to appreciate that actually these equations coincide modulo the duality equation (3.39), I abcd r = 0. Resuming,
This relation between the forms of the second order equations obtained from the superfield fermionic equation and directly from the selfduality condition has an interesting consequence. As far as the superfield fermionic equation (3.36) itself can be obtained by acting by the fermionic covariant derivatives on (3.27) (see sec. 3.4.1), we can state that also the duality conditions (3.39) projected on g rI , I cdef r g rI = 0, can be obtained from the generalized anti-self-duality superfield equation (3.27 ).
Second order equation for the gauge (super)field strength
Similarly, from the duality equation (3.39) we find
and then, using (3.48),
On the other hand, let us consider the equation D βj E r αi = 0 obtained by acting by the fermionic covariant derivatives on the fermionic superfield equation of motion (3.18), E r αi = 0. Using (3.11), (3.31) and (3.19) we find that the SU(2) tensorial part of this equation, D β(j E r i)α = 0, is satisfied identically, while the SU (2) singlet part, ǫ ij D βj E r αi = 0, gives rise to the self-dual part of the bosonic Bianchi identity (3.13) (from D i
(β E r α)i = 0) and to
Although formally this looks like (the superfield generalization of) the interacting gauge field equation of motion it contains the term with auxiliary superfield Υ r ij . This reflects the off-shell nature of the SYM part of our constraints. In the interacting system the other constraints result in that Υ r ij must be a solution of the algebraic equation (3.40). However, to use this equation, and thus to make Eq. (3.60) dynamical, we should multiply it by Φ I d Irs . Then, using the Leibnitz rule to move the fermionic covariant derivatives in the last term of this equation, as well as Eqs. (3.40), (3.11), (3.31), (3.12), (3.22) and (3.18), after some algebraic manipulation we arrive at 
Using the properties of the invariant tensors in (A.1) one can find that this is indeed the case; namely, the first term in this equation vanishes identically, while the second is expressed through the fermionic bilinears with the use of auxiliary superfield equation (3.40). Thus we have obtained the second order bosonic equations by acting by bosonic derivatives on the duality conditions, and also, following mainly the bosonic superfield contributions, by acting by fermionic derivative on the fermionic superfield equations. The bosonic equations obtained on these two ways are equivalent; no additional restrictions on physical fields appears. This procedure is a superfield counterpart of searching for closure of supersymmetry algebra on the spacetime component equations performed in [17] .
Summary
Thus we have performed the complete investigation of the Bianchi identities (2.4), (2.5), (2.6), (3.44) with our superspace constraints (3.7), (3.8), (3.9), (3.37), (3.47), have studied the consequences of this solution and found that our superspace constraints describe the (1,0) superconformal theory of [17] .
All the physical fields of this (1,0) superconformal theory appear as leading components of the fermionic and bosonic main superfields, W αr i , Ψ I αi and Φ I , F r ab , H I abc , H abcd r , H abcde A , which enter the differential form representation of our constraints (3.7)-(3.37), (3.47) 4 . The auxiliary field of the SYM multiplet enters as leading component in the auxiliary superfield Υ r ij which appears as one of the irreducible parts of the fermionic derivative of the W αr i . The complete solution of the Bianchi identities, which we have described above, gives us the relations between main superfields, including the anti-self-duality and duality relations (3.27), (3.39) and (3.49), algebraic auxiliary superfield equation (3.40) , as well as the expressions for the covariant derivatives of the main superfields.
The next stage consisted in obtaining the consequence of our solution, which has been done by studying the results of the action of fermionic covariant derivatives on the above described relations between the main superfields and their fermionic derivatives. (Actually, we did this for all the relations but the superfield generalization of pure bosonic tensorial Bianchi identities which are dependent as we discuss in Appendix C). We have obtained the superfield generalization of the fermionic equations of motion (3.41) and (3.36) by acting on the duality and self duality relations by fermionic covariant derivatives. The superfield generalization of the second order bosonic equations can be obtained by acting by the bosonic derivative on the duality and anti-self-duality equations and by acting by the fermionic covariant derivatives on the fermionic superfield equations. We have shown (sometimes for simplicity following the bosonic superfield contributions on one of two ways) that the purely bosonic equations obtained on these two ways coincide. This final check can be considered as a superfield counterpart of the closure of supersymmetry algebra on the equations.
To resume, our superspace constraints on the field strengths of the tensorial hierarchy (2.1)-(2.6) restrict the field content of the superfields to the fields of the (1,0) superconformal theory of [17] , produce exactly the same equations of motion for the physical fields as were obtained from the closure of (1,0) supersymmetry algebra in [17] , do not produce other restrictions on the physical fields of the (1,0) superconformal theory and, hence, are equivalent to the spacetime component equations of motion of this found in [17] .
Conclusions
Thus we have shown that all the dynamical equations for the bosonic fields of the 6D (1,0) superconformal theories of [17] can be obtained from the superspace constraints (3.7), (3.8), (3.9) and (3.37). Instructively, these dynamical equations were obtained in the form of superfield duality and anti-self-duality conditions (3.27), (3.39) and (3.49).
We have shown that the superfield generalization of the fermionic equations can be obtained from these first order duality equations by acting by the fermionic covariant derivatives, while a suitable action by the bosonic covariant derivative produces the (superfield generalization of the) second order bosonic field equations. Following mainly the bosonic superfield contributions, we have also obtained the above mentioned second order bosonic equations by acting by fermionic derivatives on the fermionic superfield equations. This has been an additional consistency check, designed to convince the reader that our superspace constraints do not impose any additional condition on the fields of the (1,0) superconformal theory, but only the spacetime field equations of [17] , has confirmed that our superfield formalism is equivalent to the spacetime component description of the 6D (1,0) superconformal theory developed in [17] .
The superspace realization of the tensorial hierarchy of [17] developed in this paper clarifies the structure and provides a new look on the (1,0) superconformal theory of [17] . It can be useful in the search [22] for the supersymmetric generalization of the purely bosonic action of [20] and hopefully, can provide an insight in the quest for a hypothetical (2,0) superconformal theory related to multiple M5-brane system. Probably to this end it will be useful to understand better the possible relation of our constraints with the 6d twistor approach of [23, 24] . 
Generically, the first nontrivial component in the q-form BI I Λhas dimension q − 1, i.e. carries all-but-two bosonic indices. The only exception is the nontrivial identity I I αi βj γk c = 0 in (C.7) which results in identification Ψ I i = −i/2D αi Φ. Substituting (C.6)-(C.9) into the Ids for Ids (C.1)-(C.4) one can study the interdependence of different components of different BIs and establish some Dragon-like theorems for the tensorial hierarchies in 6D superspace. We will not perform here such a complete study, but just mention a few particular results.
• For instance, one can establish that the SU (2) tensorial part of the dim 4 component of the BI (2.6) for the 4-form superfield strength, I α(i βj) abc r = 0, is dependent on the lower dimensional BIs, and that the independent parts of the SU(2) singlet ǫ ij I αi βj abc r = 0, are the duality equation ( • The independent parts of next-to-higher dimensional components of the BIs, the ones with all-but-one bosonic indices, are defined by nontrivial solutions of the equation 
